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ABSTRACT: Fuzzy graph was introduced by Kaufmann [6] in 1973. Later many authors like Bhattacharya, P [1],
Bhutani, K.R [2], NagoorGani ,A. and Radha, K [3] studied and develop the concept of Fuzzy graphs and its
applications. In this paper, we introduced the concepts of Uniform fuzzy graph with an example, discussed the
relationship between uniformity and regularity as well as the relationship between uniformity and total regularity of a
fuzzy graph, calculated the order and size of a uniform fuzzy graph and established the facts that the union as well as
the join of two k-level uniform fuzzy graphs is also a k-level uniform fuzzy graph..

KEYWORDS: Union of two fuzzy graphs, join of two fuzzy graphs, regular fuzzy graph, totally regular fuzzy graph,
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I.LINTRODUCTION

The concept of a Graph is introduced for the first time by Leonhard Euler [3] in the year 1736. It is quite well
known that graphs are simply models of relations. A graph is a convenient way of representing information involving
relationship between objects. The objects are represented by vertices and relations by edges. When there is vagueness
in the description of the objects or in its relationships or in both, it is natural that we need to design a 'Fuzzy Graph
Model'.

Application of fuzzy relations are widespread and important in the field of clustering analysis, neural
networks, computer networks, pattern recognition, decision making and expert systems. In each of these, the basic
mathematical structure is that of a fuzzy graph. We know that a graph is a symmetric binary relation on a nonempty set
V.

Similarly, a fuzzy graph is a symmetric binary fuzzy relation on a fuzzy subset. The first definition of a fuzzy
graph was by Kaufmann[6] in 1973, based on Zadeh's fuzzy relations [13]. But it was Azriel Rosenfeld [8] who
considered fuzzy relations on fuzzy sets and developed the theory of fuzzy graphs in 1975. Later on so many
Mathematicians produced various results on Fuzzy Graphs in various aspects.

I1. PRELIMINARIES

In this section we have given the definitions and examples related to the concepts that are discussed in the
introduction.

2.1 Definition [4]: A graph G is a triple consisting of a vertex set V (G), an edge set E(G), and a relation that
associates with each edge, two vertices called its endpoints (not necessarily distinct). Graphically, we represent a graph
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by drawing a point for each vertex and representing each edge by a curve joining its endpoints. (A graph G is said to be
an empty graph if its edge set E(G) is empty.)

2.2 Example [3]: Konigsberg Bridge’s problem

Konigsberg was a city in Prussia situated on the Pregel River in the 16th century. (Today, the city is named
Kaliningrad, western Russia.) The river Pregel flowed through the town, creating an island, as in the following
picture. Seven bridges spanned the various branches of the river, as shown. A famous problem concerning Konigsberg
was whether it was possible to take a walk through the town in such a way as to cross over every bridge once, and only

:ﬁ =
/:7 p:

Euler's approach was to regard the spots of land (there are 4 of them) as vertices, and the bridges as edges between
those points. The mathematical essentials of the map of Konigsberg can then be reduced to the following diagram,
which is an example of what is called a graph:

Fig2.2.1
2.3 Definition [[8],[13]]:Let S be a non - empty set. Let yu: S x S — [0,1]ando: S— [0, 1] be two fuzzy sets. Then p is
said to be a fuzzy relation on o if p(x,y) < o(X) N o(y)V X, yES.

Note: o(x) N o(y)=min {o(x),o(y)}.

2.4 Definition [[8],[13]]:(i) A fuzzy relation is called Symmetric if u(x, y) = n (y, X), vV X, y €S.
(ii) A fuzzy relation is called Reflexive if u(x, x) = a(x), ¥ x €S

2.5 Definition-[[6],[8]]: A fuzzy graph G is a pair of functions G:(o,1t) where o is a fuzzy subset of a non-empty set V
and p is a symmetric fuzzy relation on ¢ . The underlying crisp graph of G:(o,u) is denoted by G*(V,E) where E C
VXV,

2.6 Example: The following figure gives us an example for a fuzzy graph. Here ‘¢’ values are written in the brackets at
vertices and ‘u’ values are written in the middle of the edges.
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Figure (2.6.1))

In fig (2.6.1), we observe that u(x,y) < o(x) n o(y) at each edge. So it represents a fuzzy graph.
2.7 Note:o* = {xeV / o(x)> 0} and p*={(x,y)eV xV /u(x,y)> 0}

2.8 Note: Inany fuzzy graph G:(o,u) on G*(V,E) we assume that V is finite and p is reflexive. Also we need not
consider the loops and parallel edges.

2.9 Definition- [9]: A fuzzy graph G:(o,p) is said to be a Strong Fuzzy Graph if p(u,v) = a(u) no(v) v(u,v) € p*.

2.10 Definition- [9]: A fuzzy graph G:(o,u) is said to be a Complete Fuzzy Graph if
u(w,v) =c@)nao(w) Vuve og*

2.11 Definition [12]: Let G:(o,u) be a fuzzy graph . The degree of a vertex u is defined as dg (w) = X2 M(u, v).

2.12 Definition [[5],[10]]:The complement of a fuzzy graph G:(o,n) is a fuzzy graph G:(G, 1) Wheres =
cand i (u,v) = oc(uw) Nno() — p(w,v)Vu,ve V.

2.13 Definition [7]: Let G:(o,u) be a fuzzy graph on G*(V,E). If d;(u) =k VueV (i.e) if each vertex has same
degree then it is called a Regular Graph of degree k or k-Regular Graph.

2.14 Definition [7]: Let G:(o,u) be a fuzzy graph . The Total degree of a vertex u is defined as td;(u) =
Youzr M, ¥) + o (u) . ie tdg(w) =dg(u) + o (u).

2.15 Definition [7]:Let G:(o,u) be a fuzzy graph on G*(V.E). If td;(u) =k VueV. i.e, ifeach vertex has
same total degree then it is called a Totally Regular Graph of degree k or k-Totally Regular Graph.

2.16 Definition [11]: Let Gy: (o1, W) and G, (o2, M) be two fuzzy graphs with G, : (V4,E1) and G, :(V5,E>) with and
be union of G," and G, .Then the union of two fuzzy graphs G, and G, is a fuzzy graph G = G, U G,: (0, U 0,, 1, U

u,) defined by
_ (o () ifueV, -V, _{Lh(u) ifuveE, — E,
(01U 0)(W) = {oz(u) ifuey, —v, 9 (U ={ (itwveE, —E,
2.17 Definition [11]: Consider the join G* = G} + G5 = (V, U V,, E, U E, U E!) of graphs where E!is the set of all
arcs joining the nodes of V; and V, where we assume that V; NV, = @ .Then the join of two fuzzy graphs G; and G; is
a fuzzy graph G = G; + G,: (o, + 0,, 44 + |,) defined by
Up,)(uv)ifuv €eE, UE
(0 6)(W) = (06U o)) U € V; UV, and (g +)() = {0 212 U

o,(U) A o,(v) if uveE!
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111. MAIN RESULTS

In this section we introduced the concept of Uniform fuzzy graph and obtained some results related to its relationship
with regular fuzzy graphs, totally regular Fuzzy graphs. Also derived some basic results on calculation of order, size of

uniform fuzzy graphs.

3.1 Definition: Let G :( o, u) be a fuzzy graph on G*(V, E). Let6* = {x € V/ o(X) > 0}.Then G is said to be Uniform
Fuzzy Graph of level k if u(x,y) =k, (x,y)ec* x ¢* andoc (x) =kV x € o* where k is some positive real such
that 0 <k < 1.

3.2 Example:

(0.4) 0.4 (0.4)

0.4 0.4

(0.4), (0.4)

*]

(Fig 3.2.1)

In Fig (3.2.1), the graph is an example of uniform fuzzy graph . Here ¢ values are written in the bracket at vertices and
 values are written in the middle of the edges.

3.3 Note: The Crisp graph of the compliment fuzzy graph of a uniform fuzzy graph always an empty graph.

3.4 Example:
(0.4) o D(l].ﬂl)

(0.4) O o (0.4)

(Fig 3.2.2)

Fig (3.2.2) represents the compliment fuzzy graph G° for the uniform fuzzy graph G represented by fig (3.2.1).
From the above diagram it is clear that the crisp graph of G is an empty graph.

3.5 Theorem: If G: (o,u) is a uniform fuzzy graph on G*(V,E) then graph G is a Regular.
Proof: Let V be the finite set of vertices.
Since V is finite, we have
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¢ ={x eV/cs(x) >0} isalso finite. Let |c*| =n.
Given that G is a Uniform fuzzy graph. Then

ple,y) =k V(xy)ec*x o L ().
And o(z) =kVvz € ¢* for somereal k where 0<k <1......... ).
Let ue o".

Now dg(U) = Xusy H(UV)=Zuzv k=(n-1) K
VEG*
sdg(u) =(n-1)k,V ue o".
Therefore G is regular Fuzzy graph. This completes the proof.

3.6 Theorem: If G :(o,pn) is a Uniform fuzzy graph on G*(V,E) then G is a Totally Regular fuzzy graph.
Proof: Let V be the finite set of vertices.

Since V is finite, we have

¢ ={x eV/cs(x) >0} isalso finite. Let |c*| =n.

Suppose G is a Uniform fuzzy graph. Then by definition we have

p,y) =kVv(xy)ec x o ().
And o(z) =k,vz € ¢* forsomereal k where 0<k <1......... ).
Let ue o".

Now tdg(u) = dg(u) + o (u)

= Susy HUV) +0 (W)= (Su=y k) + k

=(n-1) k+k =nk

~tdg(u) =nkVv u e 6.

Therefore G is Totally Regular Fuzzy graph. This completes the proof.

3.7 Theorem-: If G:(o,pn)isa Uniform fuzzy graph of level k on G*(V, E) then the order of G O(G) =nk , where |o*| = n.
Proof: Given that G is a Uniform fuzzy graph of level k. Then

ulx,y) =k, v (x,y)ec* x s* ... ).
And o(z) =kVvz € ¢* for somereal k where 0<k <1......... ).
Also given |o*| =n.  ......... 3).
Now 0(6) = Tyey o(u)
= Yues o ()
= ZuEG*k
0(G) = nk

=% 0(G) = nk. This completes the proof.

3.8 Theorem-: If G :( o, p)isa Uniform fuzzy graph of level k on G*(V, E) then the size of G S(G) =n,, k, where |c*[ =n.
Proof: Given that G is a Uniform fuzzy graph of level k. Then

ulx,y) =k Vv (x,y)ec* x s* ... ).
And o(z) =kVvz € ¢* for somereal k where 0<k <1......... ).
Also given |o*[=n.  ......... 3).

Now S(G) = Zu,vEE H(ux ‘U) = Zu,vEEk = ncz k
(Since E € ¢* x o*and |E| =

n?-n

=ne,)

3.9 Theorem-: If G :( o, 1) and H: (z,9) are two Uniform fuzzy graphs of level k on

G*(Ve, Eg) and H*(Vy, Ey) then the union G UH : (6 U t,u U V) is also a k-level uniform fuzzy graph.
Proof: Given that G, H are two k-level Uniform fuzzy graphs.

Then s (X) =kVx € V;

u(x,y) =k vV (x,y)ec* x ¢*

Alsot(x) = k VX € Vy

I(x,y) =k, V(x,y)et x 1
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Toshow that (cUT)(X) =kVx e V;U Vy
Letx e Vo U Vy

Case (i): Ifx e V; =V

Then(cut)(x) =0(x) =k

Case (ii): Ifx e V, =V

Then(cut)(x) =1(x) =k
Sou)(x)=kvVxe VU Vy

Toshow that (LU 9)(x,y) =kV (X,¥) € Egun
Let (x,y) € Ezun

Case (i): If (x,y) € E; — Ey

Then (uu9)(x,y) = u(x,y) =k

Case (ii): If (x,y) € E; —E;

Then (U 9)(x,y) = 9(x,y) =k

S uI)(x,y) =kV(x,y) € Egup

So G U H is a uniform fuzzy graph.

3.10 Theorem-: If G :( o, w) and H: (z,9) are two Uniform fuzzy graphs of level k on G*(Vg, Eg) and
H*(Vy, Ey) then the join G + H : (o + 7,1 +9) is also a k-level uniform fuzzy graph.
Proof: Given that G, H are two k-level Uniform fuzzy graphs.
Then s (X) =kVx € V;
ulx,y) =k, v (x,y)ec* x ¢*
Alsot(x) = k VX € Vy
I(x,y) =k, V (x,y)et" x 1*
Toshow that (o +1t)(X) =kVX € VgU Vy
Letx e Vo U Vy
(c+1)x)=(cut)(x) =k (Since by Theorem 3.9)
~o+)x)=kVxeEe VUV,
To show that (u+9)(X,y) =kV (X,¥) € Eg,n
Let (x,¥) € Egyn
Case (i): If (x,y) € E;UEy
w+9Nx,y)= (wud)(x,y)=k (Since by Theorem 3.9)
Case (ii): If (x,y) € E!
Then (u +9)(x,y) = o (X) A1(y)
=k Nk=k
S+ 9)(x,y) =k V (x,y) € Egiy
This completes the proof.

IV. CONCLUSION

In this paper we introduced the concepts of uniform fuzzy graph with an illustrated example. Also we produced various
results related to uniform fuzzy graph. These results can be extended to of various products of two fuzzy graphs.
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